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fall} for which he had little or no care taken of 
him. He has ever fince this accident had fome com- 
plaints in his fide at times, but not constantly j nor 
have they ever been fo bad, as to prevent his acting 
in his bufinefs as a failor, till within a few weeks 
before he applied to me. 

London, Hatton Garden, 
June 28, 1753. 



XL. ExtraB of a Letter from Mr. James 
Dodfon to ilir. William Mountaine, F.R.S, 

May 26, 1753. 
Read July j, rw^BE world has, without difpute, 
* 75i ' X ^ xen obliged to the invention of 
fluxions, for many concife methods of calculating 
the peripheries, areas, and folidities, of curvilinear 
figures ; but it mull be confefled, at the fame time, 
that the moft ufeful, even of thofe, had been com- 
puted before, tho' by methods more laborious j and, 
confequently, fince the truth of the principles of 
fluxions was long difputed, that art feems rather to 
have received, than to have afforded, any advantage, 
in ttiofe cafes. 

Neper and Briggs calculated their feveral tables of 
logarithms, with almoft infuperable labour 5 and Van 
Ceulen was rendered famous for his approximation to 
the quadrature of the circle, on account of the acknow- 
leged tedioufnefs of its computation. The methods 
of computing logarithms were indeed improved, by 
the afMance of the properties of the Hyperbola, and 
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the ttfe of infinite feries, before the great inventer of 
fluxions was known in the world : but then, the bu- 
finefs of logarithms being purely arithmetical, the 
Hyperbola was foreign to the fubjecl: $ and the nature 
of infinite feries, tho' well adapted to the purpofe, 
was at that time but little underftood. 

I am fometimes induced to believe, that, if the lat- 
ter (i.e. the nature and ufe of infinite feries) had 
arrived at any degree of perfection, before the in- 
vention of fluxions, moft of the feries, which are 
given for the above-named kind of calculations, and 
have been deduced from fluxional Drocefies, would 
have been difcovered without the afliftance of them : 
and I am of this opinion, becaufe I am certain, that 
many of them might have fo been : to inftance in 
both the cafes above quoted ; viz. the feries, for 
making logarithms, and for rectifying the circle. 

And firft, the terms of one of the moft fimple 
feries, for expreffing the logarithm of a given num- 
ber, is compofed of the powers of the exccfs of that 
number, above unity, divided by their refpedtive indi- 
ces ; of which the firft, third, fifth, &c. terms are a£. 
firmative, and the fecond, fourth, fixth, &c. terms 
are negative \ and the difference between the fums of 
the affirmative and the negative terms, is the Neperian, 
hyperbolic, or (as fome call it) the natural logarithm 
of the given number. 

Now a mathematician, who under ftands the nature 
and management of feries (altho' wholly ignorant of 
fluxions, or whatthejuftly celebrated Dr. Halleyj in 
his admired inveftigation of this very feries, pubMhed 
in N° 216 of the Pbilofophical TrartfiiSHom, calls 
ratiuncuUy &t*) might arrive at the feme conclufion, 
in the following manner : 

Since 



[ 275 ] 

Since die logarithm of unity is univerfally deter- 
mined to be nothing ; that of 2, 3, 4, io, or any 
other number, confider'd as a root, is one ; that of 
4, 0, 16, 100, &Ct confider'd as die fquare of that 
root, is two j andfo on j it follows, that (in all cafes) 
the logarithm of a greater number will exceed that of 
its lefier j and each logarithm will have fome rela- 
tion to the excefs of its number, above unity, the 
number, whofe logarithm is nothing : the terms of 
the feries, therefore, which will reprefent the loga* 
rithm of any number, will confifl: of the powers of 
the excefs of that number, above unity, with fome^ 
yet unknown, but conftant coefficients. 

That the logarithm of the fquare of any number 
is twice the logarithm of its root, is a well-known, 
property of thofe artificial numbers j and therefore, 
the doubles of the particular terms of the afiumed 
feries will conftitute a feries, exprefling the logarithm 
of the fquare of the given number. 

But, by the fourth propofition of the fecond book 
of Euclid, the fquare or any quantity is equal the 
fum of the fquares of its two parts, more a double 
rectangle of thofe parts ; which, in this cafe (where 
the given number has been afiumed, to confifl of 
unity, and an excefs) will be unity, more twice that 
excefs, more the fquare thereof. 

If, therefore, the feveral powers of the compound 
quantity (twice the excefs of the given number above 
unity, more the fquare thereof) be multiplied by the 
above afiumed coefficients, and afterwards ranged 
under each other, according to the powers of the 
faid excefs j their fums will again exprefs the loga- 
rithm of the fquare of the given number* 

M m 2 Now, 
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Now, fihce the logarithm of the fquare of the 
given number may be thus exprefled by two infinite 
feries, each conftituted of the excefs thereof, above 
unity, and its powers ; it follows, that the coefficients 
of the like powers of that excefs, in each feries, will 
be equal between themfelves; and, confequently, 
the values of the unknown coefficients may be ob- 
tained, by fimple equations; and thefe coefficients 
will, by the procefs annexed, appear to be, the re- 
ciprocals of the feveral indexes of the powers of that 
excefs, affected alternately with the figns -{- and — , 
as was before found, by the quadrature of the Hyper- 
bola, by Dr. Halley in the above-cited Pbilofopbfcal 
Tran/a&Un, and by many who have ufed a fluxional 
procefs. 

But, there is another logarithmic feries equally fim- 
ple with the former, confifting of the fame terms, 
but all affirmative. This has been demonfhrated to 
be the logarithm of that fraction, whofe numerator 
is unity, and denominator a number, as much lefs than 
unity, as the former number exceeded it. 

Now, if an infinite feries be formed from that 
fraction, by attual divifion, it will confift of unity, 
and all the powers of that defect; and if the feveral 
powers of the excefs of this infinite feries above unity> 
be multiplied by the coefficients above-found, and 
ranged according to the powers of that defect, their 
fums will exhibit the above-defcribed feries for the 
logarithm of that fraction, as appears by the opera- 
ration fubjoin'd. 

As to the application of thefe two feries, and their 
fum, to the finding the logarithms of numbers ; the 
fame, being copioufly treated of by Dr. Halley (in 
the Phibfopbical TranfaSHon before quoted) there is 

no 
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no occafion for the repetition thereof here. Note, 
The above trad of Dr. Halley's is printed with the 
explication of Sherwin's tables of logarithms (fpl. 10) 
with many examples of the ufe thereof annexed. 

Secondly, The terms of one of the beft feries, for 
the recTafication of the circle, are compofed of the 
odd powers of the tangent of any arc, not exceeding 
45" degrees, feverally divided by their refpe&ive in- 
dexes j of which the firft, third, fifth, &c. terms are 
affirmative j and the fecond, fourth, fixth, &c. terms 
are negative; and the difference, between thefums of 
the affirmative and negative terms, is the length of that 
arc, of which the tangent, and its powers, conftitute 
the feries. 

Now a mathematician, who understands the na- 
ture and management of feries, altho' wholly igno- 
rant of fluxions, might investigate this feries in the 
following manner : 

It has been geometrically demonstrated, that, the 
radius of a circle being unity, if the double of the 
tangent of any arc, be divided by the difference be- 
tween unity, and the fquare of that tangent, the 
quotient will be the tangent of twice the arc. 

Now if an infinite feries be formed by a&ual di- 
vision, its terms will confift of the doubles of the 
odd powers of the tangent, and will be all affirma- 
tive $ which feries will exprefs the length of the tan- 
gent of the double of that arc, whofe tangent and its 
powers conftitute the fame. 

If a feries, confifting of the tangent and its powers, 
with unknown coefficients, be affumed (as in the for- 
mer cafe) to exprefs the length of the arc; then the 
length of the double of that arc may be expreSled 
two ways j viz. either by multiplying each term of 
3 * the 
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the feries aflbmed by the number two j or by finding 
the powers of the feries above defcribed (which ex* 
hibits the length of the tangent of the double arc) 
multiplying each power by its proper coefficient* 
ranging the products under each other (according to 
the powers of the tangent of the fingle arc) and find- 
ing their fum. 

Now, fince the length of the double arc may be 
thus exprefled, by two infinite feries, each constituted 
of the tangent of the fingle arc, and its powers j 
therefore the coefficients of the like powers of that 
tangent, in each feries, will be equal between them- 
felves j and consequently the values of the unknown 
coefficients may be obtained by fimple equations. 

Laflly, fince the feries, which -gives the length of 
the tangent of the double arc confifts only of the odd 
powers of the tangent of the fingle arc, therefore 
none of the even powers thereof can range there- 
with : now thefe will not occur in the odd powers 
of that feries ; and therefore the feries, afiumed to 
exprefs the length of the fingle arc, whofe double is 
to be compared with the mm of the former, muft 
confift only of the odd powers of that tangent $ and 
then the feries firft mentioned refults from the opera- 
tion, as will appear by examining the fame, as hereto 
annexed. 

I am thoroughly fenfible, that, to the learned, 
who are already matters of the inveftigation of thefe 
feries by other methods, this will appear to be an 
cflay of more curiofity than ufej but, with regard 
to ftudents, I humbly conceive it will have its ad- 
vantages; becaufe by thofe, who are acquainted with 
the notation of algebra, and the manner of folving 

fimple 
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fimple equations, the nature of the feries, and the 
operations above ufed, may be eafily obtained ; and 
they may be hereby enabled to make a fcientific ufe 
of logarithms in arithmetical, and of the re&ification 
of the circle, in geometrical calculations ; which at 
prefent cannot be done, till a much greater progrefs 
is made in mathematical knowlege, without great 
labour 5 as well as to examine and correct the printed 
tables of both forts, if dubious, or found to be erro- 
neous. 

The operation neceflary to find the coefficients of a 
feries, which will exprefs the logarithm of a given 
number. 

If the given number he reprefented by t+n, then 
the following feries may be aifumed to represent its 
logarithm: 

n-\-xn* -$~jm* Hh zn * + w 5 > &c* 

And in -f 2 *«* + *y n * ■+ 22»t + 2«» 5 , ©V. will 
reprefcnt the logarithm of the iquare of that number j 
viz. of i -f- in + »«. 

But, becaufe in-\-mi is die excefs of i -f 2« -f nn t 
above unity, therefore its logarithm will be alfo ex- 

prefled by ^^^_ 

M-{-nn + xx xn+nr? -\-y x in+nn* -\-zx zn-^-nn^x&c. 

Now 2 »-{-«** = 4«« + 4" 3 + ** 

nn+nn 3 = 8« a + i in* + <5» s , Gfr. 

2«+«« 4 s» 1 6«+ + 3 *» 5 > ©*. 

in-\-nn s * $zn*,&c. 

Therefore, 

29 
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*x 2n-\-nn % =* qxnn -\> 4#n s + #«* 

«x a«4-«« 4 sa 1 6zn+ -f 3 %zn*&c t 

ax zn+nn 5 s=s 32«« 5 €frv 

And the fum of thefe is equal to the logarithm of 
the fquare of i-\-n. 

If an equation be formed* of the coefficients of «•, 
in each of thefe expreffions of the logarithm of that 
fquare, 

Then 2#w 1 +4*; whence— isx 

And, by preceding in the feme manner with the 
coefficients of » 3 , »*, » s , &c* and fupplying the 
places of x, y> z, &c. as they arife, by the numbers 
(fo found) we mall have 

»y = w.4 + 8^i whence + i =*y j 

2« = — i 4- t + ^ » whence — 4. =2; 

z»= §- — ^4-3 2a » whence-}- 7 =#; 

Confequently, the logarithm of i+» will be ex- 
prefled by «— 4 »*-f£» , ~ i «*-ff **» ^* as 
above afferted. 

Again, fince -£^= i-f *-f «*+« 3 +»♦+»*, Gfr. 

as appears by the following divifion .:. 

1 — n )i ( i4-«+»"» ®f* 
j — « 

4- n~nn 
+ «« 

And, fince the excefs of that feries, above unity, 

is the feries » + »* + « 3 + »*> Gfr • 

Therefore 
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Therefore the logarithm of will confiftof the 

fums of the powers of that feries, multiplied by the 
above-found coefficients h — f»H=*J«.— t»+7> &c 

n* -\- 211* -\- $m-\- pi 5 t &c. 

n -f- »* + « 3 + «+ + » s > &V- 
— £»* — - s*s — . 1 «+ — 4 »s, &? f . 

-K» 3 -fl* 4 -r4» s > #<• 

The fums of which, v/:s. »-J-i»*-H» s -H» + H-T»* , » £fc 
will be the logarithm of , as above affirmed. 

The operation necefTary, to find the coefficients of a 
feries, which will exprefs the length of the are of 
a circle, by the tangent of that arc, and its 
powers* 

Let a reprefent the length of the arc, and t the 
length of the tangent thereof; then the tangent of 

that arc whofe length is ia. will be— — ; which 
1 — u 

fra&ion is equal to the infinite feries*, it + ii % -\- ifi^ 

2/ 7 + 2*', &c» See the divifion. 




N n 
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l~tt )lt ( It + 2/ 3 + itS, &c. 

zt — %t* 

+ 2/ 3 
-j-2* 1 — 2/* 



-|- 2^A 



And by performing the neceffary multiplications, 
or divifions, it will alfo appear, that 
j 



"1= 


8/3 


+ 24^ 5 + 


48**4- 8o/», ©V. 


* 

2t i 




3'*** + 


160/* + 480/% dr. 


1— «1 


-5nL 






128^+896/^, 6V. 


9 








2/ t- 






^12/^ e>v t 



Now if we affume,, for the value of a, the follow- 
ing feries, / + */» 4- ^/ s + «/ 7 -f «/», e*?r. 

Then 2/+ 2xt 3 4- zyt 5 4- 22/'+ 2«/ 9 , e^.= 2*?. 

And becaufe -2i- is the tangent of the arc, whofe 
length is 2#, therefore 



1-tf I—// 



4-^ 



2/ 



I—// 



+* x r^/J ^^ 



Which e^preffion is equivalent to the fum of the 
following feries ; for 

U 



[ *8 3 ] 



2t sxit + iO + it* + if + 2/9, #v. 




=s 8x/ s -f 2 4<y/ s +48^/ 7 + 8o#*»> &€, 

= i28«/ r +8p6«/», &c. 

And (by making an equation, between 2 at, the 
coefficient of? 3 in the firft found value of 2 a, and 
2+8x, the fum of the coefficients of t* in the latter) 
2* = 2 4- 8# ; whence — \ —x. 

And, by proceding in the fame manner, with the 
coefficients of /*, t 7 , P, &c. and fupplying the places 
of x, y y Zy &c. (as they arife) by the numbers (fo 
found) we mall have 

2V=2 — *-f\-x_iy, whence y=+f. 

2Z— 2 — ^-l- ^2 + i2%z; whence z=— f. 

And in =2 - *f + ±p — 4* + f 1 * « i whence «=4-j .. 

Therefore we may conclude, that * — j ' 3 4-f fi ~~ 

The application of this fcries to the rectification 
of the circle Is extant in many authors ; particularly 
in Sherwin's tables of logarithms, above-quoted, 
folio ff. 

When the arc is juft 45 degrees, then t= 1, and 
the feries becomes 4 — y-f-f — f-fH, &c. which con- 
verges exceedingly flow j but, by the afliftance of a 

N n 2 method. 
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method, given in the appendix to M. De Moivre's 
ftfifceUanea An&lyticd, it may be transformed to an- 
other, converging quicker -, which method is applied 
to this very feries^ in folio $62 of the Mathematical 
Repofitory, Vol. I. 



XLL A Letter from John Lining, M D. of 
Charles-Town, South-Carolina, to the Rev. 
Thomas Birch, D. D. Seer. R. S. concern- 
ing the Quantity of Rain fallen there from 
January 1738, to December 1752. 

Rev. Sir $etaA Carolina, Charles-Town, April 

' " s & '755- 

Read ]\tty 8, / ■ \ H E favourable reception, which 
r 7S3« J^ m y f orm er paper & met with from 
the Royal Society, eneoofages me to fend you a table 
of the quantity of rain, which fell in Charles-Town 
for thefe if years laft paftj which, if continued for 
half a century, might be of ufe, in discovering to us 
the change* made in a climate, by clearing the land 
of its woods* Tho' I formerly fent a table of the 
rain from 1738 to 17 4. f mdufive, which is publifh'd 
in N° 487 of the Pbilofophical TranfatJions j yet, as 
1 thought it would be more convenient to bring the 
whole into one view, I have not only added to this 
teble the rain of thofe years, but have lifcewlfe diftuv 
guiihed the quantity which fell in the feveral feafbn& 
In this table I continued the old Me to the ffrft of 
feft February, that the mean quantity, in each month, 
and in. the different feafons, might be given exactly. 

As 



